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Markov’s Inequality

Proposition (Markov’s Inequality)
Let X > 0 be a non-negative random variable. Then for allt > 0

P(X > 1)< P

E[X] = /.OO Xf(X)dX Since X >0
]E[X}:/OOXf(X)dX Since t > 0
0

E[X] > / Xf(X)dX Since X >t: X is in the integrated region
t

IS
>
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/OO tF(X)dX =t /x F(X)dX = tP(X > 1)

=

B(X > 1) < P




Hoeffding’s Lemma [Part I]

Lemma (Hoeffding’s Lemma)
Let X be a random variable with X € [a, b]

A2(b—a)?

g ) for all € R

Proof.
If f:R — R is a convex function then

F(E[X]) <E[f(X)] — Jensen’s Inequality

Let X be an independent copy of X where E[X] = E[X].
Ex [exp(A(X — E[X]))] = Ex[exp(A(X — E4[X]))]

S Ex[Eg[(exp(AM(X — X)))]]



Hoeffding’s Lemma [Part I]

Proof.
Efexp(A(X — E[X]))] < E[(exp(A(X — X)))]

Let Z be a random sign variable {—1,1}, and note that X — X symmetric
around 0. Then X — X has the exact same distribution with Z(X — X)

Ey glexp(A(X — X)) =Ey ¢ ,lexp(AZ(X — X))]
=Ey ¢[Ezlexp(AZ(X - X)) | X, X]]

Now we are going to look at the moment generating function of the random
sign. U



Moment Generating Functions

Mx(\) = E[eM]

Rademacher Random Variable:

)\2
E[e*X] < exp (2> for all A € R

0 vk
eX = z o Taylor expansion of exponential function
k=0

E[e)\X] — Z A Ek[“x ]

> )\k‘ e )\2k

D W= m

k=0,24... k=0



Moment Generating Functions

E[BAX] — i /\kE[Xk]

k!
k=0
> )\k e )\Zk
= 2 T2
k=0,2.4... k=0

Note that (2k)! > 2k L1




Hoeffding’s Lemma [Part II]

Since we proved the bounds for the Rademacher random variable now let us
continue to Hoeffding’s Lemma

Proof.

Ey x[exp(\(X — X))] = Ex ¢ [Ez[exp(AZ(X — X)) | X, X]]

Ez[exp(AZ(X — X)) | X, X] < exp (W)

(A= a))2>

B slexp(\(X - )] < exp (205



Chernoff’s Bounds

Proposition (Chernoff’s Bounds)
Let X be a random variable. Then for any t > 0

> < mi A(X—E[X]) —Xt
P(X >E[X]+1¢) < I)\nzlgE[e Je™ 1An>1n Mx _gixj(Ne
and

< < AEX]=X)6o=2 — 1in M —\t
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Chernoff’s Bounds

Proposition (Chernoff’s Bounds)
Let X be a random variable. Then for any t > 0

N < min RIAX—EXD],~M _ —Xt
P(X >E[X]+1¢) < I/{lzlgE[e le i Mx _gixj(Ne

For A >0, X >E[X]+¢ if and only el > ldhon

P(X > E[X] +t) = P(e*XEXD > M) Markov Inequality
E[e)\(X—E[X])]

- At

_ E[e)\(X—E[X])]e—/\t
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Hoeffding’s Inequality

Proposition
Let Xy, ..., X, be independent bounded random variables with X; € [a,b] for

all i, where —oo0 < a < b < oo. Then
p(l i(x E[X;)]) >t < 2
= P i)zt Sexp| —7—=5
n P (b—a)?

and

S

P (1 3 (X - ELX]) < t) < (—(lf_’))

3=l



Hoeffding’s Inequality

Proposition
Let Xy, ..., X, be independent bounded random variables with X; € [a,b] for

all i, where —oo < a < b < co. Then

n

1 2nt?
P| - X;—E[X;])>t)] < —_—
(n > (i~ Blxi) ) exp ()
We are going to use Hoeffding’s Lemma and Chernoff’s Bounds

1 n n
P ( Z(X7 - E[X;]) > t) =P (Z(X, -E[X;])) > nt) [Chernoff’s Bounds]

n :
=il

<E lexp (/\ i(Xi - E[Xz])>

E [exp (M(X; — E[X;]))] e "

e—)\tn

<

—.

g=il

10



Hoeffding’s Inequality

We are going to use Hoeffding’s Lemma and Chernoff’s Bounds

( il t) =F (i(x E[X;]) > m‘)

i=1

E lexp </\ Z(XL — E[X,])>‘| e~ " [Chernoff’s Bounds]
i=1

HE [exp (A(X; — E[X;]))] e "
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)\Q(b — Cl>2 At
exp (8 e M"[Hoeffding’s Lemmal]
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g=il

Let us rewrite and minimize over A

1 . nA2(b — a)? 2nt?
P (5 Yo (X —EX]) > t) < miny>g exp (T - )\nt) = exp (—7@ — a)2>
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